Differential SAR Interferometry (DInSAR) is a powerful remote sensing technique employed to monitor surface displacements, such as ground subsidence or strong deformations caused by geological activity. The quality of the interferometric phase between two combined SAR images is essential for the estimation of the surface deformation. Multiple decorrelation factors may degrade the quality of the measurements and, then, the development of filtering methods for noise suppression is mandatory. In this work, we propose a new strategy to improve noise reduction while preserving the original phase structure. The new method consists in an iterative filter in which noise reduction is achieved progressively. The original phase is filtered with adaptive kernels based on Chebyshev interpolation functions. The filter is especially useful for DInSAR geophysical applications, such as earthquakes or volcanic eruptions monitoring. The performance of the proposed method has been tested with both simulated data and recently acquired Sentinel-1 SAR data which mapped the August 2016 Central Italy earthquake.
INTRODUCTION
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degrade the accuracy of the estimations [4] . Consequently, signal processing techniques for interferometric phase images denoising are necessary.
In geophysical applications, the well-known Goldstein filter [5] is the most commonly used due to its general good performance and computational efficiency. According to [5] , the original interferogram is divided into overlapped windows of a fixed size, and the 2-D Fourier Transform of the window is multiplied by its smoothed absolute value. The smoothing operation is achieved by means of a pre-defined convolution kernel. In addition, the filtering capability is controlled by an arbitrarily selected real parameter (usually denoted as α) which value varies between 0 and 1. Higher values of α provide a stronger filtering and a higher noise reduction, at the cost of a resolution loss.
Different modifications of the original filter have been developed over the last years. An α-adaptive Goldstein filter was proposed in [6] . In this case, the values of the filtering parameter α are selected as a function of the mean coherence of the filtering window, which is an indicator of the phase quality. Then, low-coherent areas will be filtered with higher values of α, while resolution will be preserved in high-quality areas. A pixel-by-pixel filter was proposed in [7] . That is, instead of performing a block-based filter, every pixel in the phase image is individually filtered with adaptive windows. The filter shows very good results in fringe preservation, but noise reduction is not enough in noisy areas. Alternatively, an iterative filter named Recursive Adaptive Spectral Filter (RASF) was proposed in [8] . Unlike the previous filters, the RASF strategy shows very good results in noise suppression, even with very noisy scenes, but detailed features of the phase image are more likely to be overfiltered and fringe continuity may not be preserved.
In this work, we present a new interferogram filter which relies on the iterative and adaptive Goldstein approach, but it includes multiple modifications to improve its performance. The main objective of this new method is to effectively suppress the phase noise while preserving the original phase structure without overfiltering.
PROPOSED METHOD

Chebyshev Polynomials and Kernel Generation
The idea behind kernel generation is the mathematical approximation theory of a generic 2-D function F by means of a set of polynomials. For simplicity, we assume that F is defined in 1] . In this case, we propose the use of a generic sum of a set of Chebyshev polynomials. Thus, we assume that F can be well approximated as
where the prime (') indicates that the k = 0 summand must be multiplied by 1/2, c k,r is the set of unknown coefficients that we want to estimate and that correspond to kernel values, and T k (z) is the Chebyshev polynomial of the first kind and order k. The standard definition of such a polynomial is
Next, we assume that F is sampled within a regular grid in
at abcissas x p , y p . For simplicity, the grid is assumed to be squared and its size is N × N . Then, x p and y p can be expressed as
The approximationf p of F at samples (x p , y p ) is given by the linear system
In matrix notation, this system is of the form
where T = T k T r . From (5) we may estimate c with the Moore-Penrose pseudo-inverse of T , which provides the least-squares solution of smallest norm of the linear system [9] . The estimationĉ of coefficients c in (5) is given byĉ
where T † is the pseudo-inverse of T . For instance, if we take (x p , y p ) = (0, 0), the estimate of F (0, 0), iŝ
and the kernel value at the central position is T (0, 0) T T † . The remaining values of the estimate of F are straightforward, as F was assumed to be sampled in a N × N uniform grid. Consequently, the convolution kernel of size N × N is
where α = 0, 1, . . . , N − 1 and β = 0, 1, . . . , N − 1.
Unbiased Coherence Estimation
Coherence γ quantifies the degree of correlation between the two SAR images combined S 1 and S 2 , and it provides a direct indicator of the phase quality. Its estimator is
where E{} corresponds to a spatial average inside an estimation window.
Strong surface deformation caused by geological activities is observed in the differential phase image as dense fringe areas corresponding to the terrain motion. The presence of these fringes affects directly the correlation values [10] . Consequently, the effect of the surface deformation must be compensated in order to have unbiased estimations of the coherence. For doing so, a maximum likelihood estimation is applied to the interferogram in order to remove the dominant fringe frequencies corresponding to the deformation. In practice, the estimation is performed inside a (2P+1)×(2Q+1) window:
where {f x , f y } are the local two-dimensional frequencies at indexes (p, q) and Z p,q = e 2πj(fxp+fyq) is the phase of the complex differential interferogram. The slope-compensated phase valuesẐ at pixels (p, q) are then expressed aŝ
whereθ 0 is the phase at estimated {f x ,f y } main frequencies.
Iterative Filtering
In this work, an iterative filter for phase denoising is proposed. The original interferogram is filtered multiple times with filtering windows of decreasing size. In the first iterations, larger windows are employed as they provide a higher noise suppression. For instance, an initial 256 × 256 window can be used. At each iteration, the window size is reduced by half until a minimum size is reached, for instance, a 8 × 8 window.
In addition, the subtraction of the local phase gradient by means of (10) and (11) is employed both for coherence estimation and prior to the filtering operation. The removal of the main frequencies causes an increase in the correlation, so the remaining phase values constitute a direct measure of the noise. Moreover, as the local fringes are removed from the original signal, only the spectrum of the remaining noise is filtered, so the information related to the deformation is better preserved.
Concerning the formulation of the proposed method, it is similar to the conventional Goldstein filter. At the each iteration, the interferogram is segmented into patches of the corresponding window size. An overlap between patches is fixed in both dimensions to avoid discontinuities at the edges. The size of the filtering kernel is adaptive, so it varies in each iteration of the algorithm. Its size is fixed to the square root of the size of the filtering window in each iteration. After removing the local phase ramp, the flattened interferogram is convolved (smoothed) with the kernel in the spatial domain. Then, the spectrum of the original interferogram S or is weighted with the spectrum of the smoothed block S m , and the spectrum of the filtered interferogram S f is obtained by means of
where α = 1 −γ, beingγ the mean coherence of the effective filtering window (non-overlapped area between adjacent windows). Notice that, in our method, the values of α will be smaller than in other filters, but the iterative filtering will progressively remove the phase noise. The last step consists in adding the estimated frequencies to the filtered phase.
RESULTS
Simulated data
To validate the proposed method, it went through a test with a simulated interferogram in which noise is added to the original phase values. The standard deviation of the phase noise added is 1.5 rad. The quality of the filter is assessed by the number of residues and the Mean Square Error (MSE)
where φ F is the filtered phase and φ ideal is the noise-free phase. The performance of our method is compared with the one of already-existing filters, such as the widely-used adaptive Goldstein filter and the RASF (which also follows an iterative strategy). All the filtering parameters are summarized in Table 1 . In order to correctly compare all methods, the same parameters have been used when possible (when they are common). Proposed method 256×256 to 8×8 5×5
Adaptive kernel based on Chebyshev functions. The polynomial order is 15.
In Fig. 1 , we show the filtered phases of the simulated scene. As it can be observed, the Adaptive-Goldstein filter provides good results in fringe preservation but noise reduction in wide areas is limited. Concerning the RASF, it shows good results it noise suppression, but the phase is clearly overfiltered in the dense fringe area of the central part of the interferogram. However, our proposed method clearly exhibits the best visual results in noise reduction in wide areas along with fringe preservation.
Finally, the quantitative results are summarized in Table 2 . Among the different filters, our proposed method provides the best results in terms of residues and MSE.
-π π • , respectively. The polarimetric channel is VV. All the filtering parameters are the same as in the previous simulation. The resulting differential phases are shown in Fig. 2 and the quantitative filtering results are summarized in Table 3 .
As it can be observed in Fig. 2(a) , the original phase presents a high level of noise and the number of residues is very large. Only both iterative filters are able to greatly suppress the noise, whereas noise suppression provided by the conventional Adaptive Goldstein filter is limited in very noisy areas. The number of remaining residues is still large with this method, while both iterative filters can reduce the number of residues to a greater extent. However, our proposed method shows a significantly cleaner and smoother phase, as shown in Fig. 2(d) and the cancellation of residues is almost total. 
CONCLUSION
An improved method for noise suppression in interferometric SAR images has been presented in this work. The combination of an iterative filtering with an specific smoothing kernel based on Chebyshev polynomials functions, has shown to progressively denoise the original phase image while preserving the original phase structure. The method is able to recover useful measurements even in very noisy areas. The proposed filter outperforms different already-existing filters, including the Goldstein filter and the RASF, which is also iterative. More details of the proposed filtering method can be found in [11] .
